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1 Introduction.

We consider the three-dimensional spherically symmetric motion of a compressible,
viscous and heat-conductive gas in the free-boundary case. This classical model has
been studied in many astrophysical literatures (see for example, [2]). Many stars being
in way of their evolution have the core in the centre composed by the heavy chemical
elements (the helium, et al.) produced by the burning of the light gas (the hydrogen)
in the outer part of that. Under this situation it is natural to take into account the
self-gravitation of gas and the potential force of the core, which drive the motion of
gas, and also, at the high temperature stage, radiation phenomenon and the energy
producing process inside the medium, that is, the gas consists of a reacting mixture
and the combustion process is current.

For technical reason, let the core be a rigid sphere. The motion of our model is
described by the following four equations in the polar coordinate system of Lagrangian
form corresponding to the conservation laws of mass, momentum and energy, and an
equation of reaction-diffusion type:
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(1.1)

in (0, 1)×(0,∞)
(
∋(x, t)

)
. Here the specific volume v = v(x, t), the velocity u = u(x, t),

the absolute temperature θ = θ(x, t) and the mass fraction of the reactant z = z(x, t)
are the unknown functions, and positive constants µ, ζ, d and λ are the coefficients of
viscosity, bulk viscosity, which satisfy the relation 3ζ − 4µ > 0, the species diffusion
and the difference in heat between the reactant and the product. M0 and G are mass
of the core and the Newtonian gravitational constant, respectively. r = r(x, t) is the
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Eulerian position of the gas given by the formula

r = r(x, t) =

(
R0

3 + 3

∫ x

0

v(ξ, t) dξ

)1/3

, rt = u, rx =
v

r2
,

where R0 is the radius of the core. The rate function ϕ = ϕ(θ) is defined by the
Arrhenius law

ϕ(θ) = Kθβe−A/θ,

where positive constants A and K are the activation energy and coefficient of rate of
reactant, respectively. β is a non-negative number. Pressure p = p(v, θ) and internal
energy e = e(v, θ) are given by p = pG + pR and e = eG + eR, respectively, where
pG = pG(v, θ) and eG = eG(v, θ) are the gaseous (elastic) ones. For technical reason,
we assume the gas is ideal:

pG = R
θ

v
, eG = cvθ

with the perfect gas constant R and the specific heat at constant volume cv (positive
constants). Since it is widely accepted to assume the gas, constituents of the star, to be
“black body”, the influence of radiation is expressed by the radiative terms pR = pR(θ)
and eR = eR(v, θ), which are given by the Stefan-Boltzmann law (see for example, [2])

pR =
a

3
θ4, eR = avθ4

with the Stefan-Boltzmann constant a > 0. We also assume the conductivity κ =
κ(v, θ) has the following form:

κ = κ1 + κ2vθq,

where κ1, κ2 and q are positive constants.
We impose the boundary conditions for t > 0

(
−p + ζ

(r2u)x

v
− 4µ

u

r

) ∣∣∣∣
x=1

= −pe,

u|x=0 = 0,

(θx, zx)|x=0,1 = (0, 0),

(1.2)

the initial condition for x ∈ [0, 1]

(v, u, θ, z)|t=0 =
(
v0(x), u0(x), θ0(x), z0(x)

)
. (1.3)

Here we assume the compatibility conditions
(
−p0 + ζ

(r0
2u0)

′

v0

− 4µ
u0

r0

) ∣∣∣∣
x=1

= −pe,

u0(0) = θ0
′(0) = θ0

′(1) = z0
′(0) = z0

′(1) = 0

(1.4)
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with p0 := Rθ0/v0 + (a/3)θ0
4 and r0 := (R0

3 + 3
∫ x

0
v0(ξ) dξ)1/3.

The global unique existence problem for compressible viscous polytropic ideal gas
with large initial data is firstly solved by Kazhikhov-Shelukhin [8] in one-dimension
under Dirichlet boundary condition with respect to the velocity. After that, in one-
dimensional case, many works has been done including Nagasawa [11] studying the
global existence and the asymptotic behavior in the free-boundary case for the poly-
tropic ideal gas. Bebernes-Bressan [1], Chen [3] considered models for a reacting mix-
ture. Many authors (see for exmple, [7]) studied models having some general pres-
sure, internal energy and conductivity applicable to the situation with low order θ-
dependency of p, e and κ. Ducomet [5] and Umehara-Tani [13] are extended these
results to the one with higher order θ-dependency of p and e, which usually seems to
correspond to some large q in κ for getting global solution of the problem. Three-
dimensional spherically symmetric motion of a compressible viscous polytropic ideal
gas was investigated by Itaya [6] and others (see for example, [10,14]) in annulus or ex-
ternal domain, Ducomet [4] in the case of gaseous star having free-boundary and rigid
core in the centre. Among these works it is in [4, 5, 10, 13] that the “large” external
force is considered, more precisely, the self-gravitation in [4, 5, 13], a potential force of
the core in [10].

In this talk we construct the unique global classical solution of system (1.1)-(1.4)
which extends the results [4] in respect of considering radiative effect and both influ-
ence of the self-gravitation and the potential force. But the difficulty of our problem is
mainly caused by radiative components of equations of state and θ-dependency of the
conductivity.

Let Ω := (0, 1), m be a nonnegative integer and 0 < σ < 1. T is a positive con-

stant and QT := Ω × (0, T ). We use the familiar notations Cm+σ(Ω), C
σ, σ/2
x, t (QT ),

C
2+σ, 1+σ/2
x, t (QT ) for the Hölder spaces (see for example, [9]).

Our main result is

Theorem 1 (Global Solution) Let α ∈ (0, 1), 3 ≤ q < 39 and 0 ≤ β < q + 9.
Assume that

(v0, u0, θ0, z0) ∈ C1+α(Ω) ×
(
C2+α(Ω)

)3

satisfies (1.4) and v0(x) > 0, θ0(x) > 0, 0 ≤ z0(x) ≤ 1 for x ∈ Ω. Then there exists
a unique solution (v, u, θ, z) of the initial-boundary value problem (1.1)-(1.3) such that
for any T > 0

(v, vx, vt, u, θ, z) ∈
(
C

α, α/2
x, t (QT )

)3

×
(
C

2+α, 1+α/2
x, t (QT )

)3

and

v(x, t), θ(x, t) > 0, 0 ≤ z(x, t) ≤ 1 for (x, t) ∈ QT .

Proof of Theorem 1 is based on the local existence theorem and a priori estimates.
The fundamental theorem about the existence and the uniqueness of the local-in-time
classical solution in three-dimensional free-boundary case was firstly established by
Tani [12] under sufficiently general conditions. Since it is easy to verify that this manner
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to prove local existence theorem can be adapted without essential modification to our
spherically symmetric and reacting case, to prove Theorem 1 it is sufficient to establish
the following a priori boundedness.

Proposition 1 (A priori Estimates) Let T be an arbitrary positive constant. As-
sume that α, q, β and the initial data satisfy the hypotheses of Theorem 1, and problem
(1.1)-(1.3) has a solution (v, u, θ, z) such that

(v, vx, vt, u, θ, z) ∈
(
C

α, α/2
x, t (QT )

)3

×
(
C

2+α, 1+α/2
x, t (QT )

)3

.

Then there exists a positive constant M depending on the initial data and T such that

|v, vx, vt|α, α/2, |u, θ, z|2+α, 1+α/2 ≤ M,

v(x, t), θ(x, t) ≥ 1/M, 0 ≤ z(x, t) ≤ 1 for (x, t) ∈ QT .

2 Key Lemmas for Proving Proposition 1.

In proving Proposition 1, we need several lemmas concerning the estimates of the
solution and its derivatives. The essential one of them is to get pointwise estimate of
the specific volume v. To do this Kazhikhov and Shelukhin [8] firstly derived the useful
representation formula of v. In the present case, we have

Lemma 1 The identity

v(x, t) =
1

P(x, t)Q(x, t)R(x, t)

(
v0 +

R

ζ

∫ t

0

θ(x, τ)P(x, τ)Q(x, τ)R(x, τ) dτ

)
holds, whrere

P(x, t) :=

(
r0(1)

r(1, t)

)4µ/ν

exp

[
1

ζ

∫ 1

x

(
u

r2
− u0

r0
2

)
dξ

]
,

Q(x, t) := exp

{
pe

ζ
t +

1

ζ

∫ t

0

∫ 1

x

[
2u2

r3
+

G(ξ + M0)

r4

]
dξ dτ

}
,

R(x, t) := exp

(
− a

3ζ

∫ t

0

θ(x, τ)4 dτ

)
.

From this formula, we can obtain a priori bounds of v.

Lemma 2 For any (x, t) ∈ QT

C−1
T ≤ v(x, t) ≤ CT , (2.1)

where CT is a positive constant depending on the initial data and T .

Although from the influence of radiation the estimate above is depending on T , if
the external pressure pe is sufficiently large, we can get upper and lower bounds of v
uniformly in T .
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